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IMC2017: Problems on Day 2

6.Let f : [0;+%) — R be a continuous function such that lim f(x) = L exists (it may be finite or infinite). Prove that

X400
1
lim [ f(nx)dx = L.

n—o

0
Proposed by: Alexandr Bolbot, Novosibirsk State Uni
7. Let p(x) be a nonconstant polynomial with real coefficients. For every positive integer~n, let
Gn(%) = (x+ 1)"p(x) + x"p(x + 1).
Prove that there are only finitely many numbers n such that all roots of qu(x) are real.
Proposed by: Alexandr Bolbot, Novosibirsk State Uni

8. Define the sequence A, Ay, ... of matrices by the following recurrence:

0 1 Ay I
A= N +1 = =1,2,...
1 (1 0) Ant1 <Izn An> (n )

Prove that A, has n + 1 distinct integer eigenvalues Ap < A1 < ... < A, with multiplicities (8) s ('11) e (;) , respectively.

where I, is the m x m identity matrix.

Proposed by: Snjezana Majstorovi¢, University of J. J. Strossmayer in
(ol
9. Define the sequence f, f3, ... : [0, 1) — R of continuously differentiable functions by the following recurrence:
fi=1; 'y =ffa on(0,1), and f,,,(0)=1.

Show that lim f,(x) exists for every x € [0, 1) and determine the limit function.
n—o

Proposed by: Tomdas Barta, Charles University,

So
10. Let K be an equilateral triangle in the plane. Prove that for every p > 0 there exists an € > 0 with the following property: If n is a positive integer, and Ty, ... ,
non-overlapping triangles inside K such that each of them is homothetic to K with a negative ratio, and
n
Z area(T,) > area(K) — ¢,
=1
then
n
Z perimeter(T¢) > p.
=1

Proposed by: Fedor Malyshev, Steklov Mathematical Institute and Ilya Bogdanov, Moscow Institute of Physics and Tech

El

o]
mmc‘x IMC IMC IMC mc"g m™mc w ™ C IMC IMC IMC IMC IMC IMC IMca‘Iﬂlc IMC Mc IMC IM(
9519961 1200220032004200 20082009 01420152016201720182 0202120

© IMC

Loading [MathJax]/extensions/TeX/mathchoice js



http://www.imc-math.org.uk/
http://www.imc-math.org.uk/
http://www.imc-math.org.uk/
https://www.imc-math.org.uk/?year=2017&item=info
https://www.imc-math.org.uk/?year=2017&item=results
https://www.imc-math.org.uk/?year=2017&item=problems
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob6h
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob6h
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob6h
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob6s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob6s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob6s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob7h
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob7h
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob7h
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob7s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob7s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob7s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob8s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob8s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob8s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob9h
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob9h
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob9h
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob9s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob9s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob9s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob10s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob10s
https://www.imc-math.org.uk/?year=2017&section=problems&item=prob10s
https://www.imc-math.org.uk/?year=1994
https://www.imc-math.org.uk/?year=1994
https://www.imc-math.org.uk/?year=1995
https://www.imc-math.org.uk/?year=1995
https://www.imc-math.org.uk/?year=1996
https://www.imc-math.org.uk/?year=1996
https://www.imc-math.org.uk/?year=1997
https://www.imc-math.org.uk/?year=1997
https://www.imc-math.org.uk/?year=1998
https://www.imc-math.org.uk/?year=1998
https://www.imc-math.org.uk/?year=1999
https://www.imc-math.org.uk/?year=1999
https://www.imc-math.org.uk/?year=2000
https://www.imc-math.org.uk/?year=2000
https://www.imc-math.org.uk/?year=2001
https://www.imc-math.org.uk/?year=2001
https://www.imc-math.org.uk/?year=2002
https://www.imc-math.org.uk/?year=2002
https://www.imc-math.org.uk/?year=2003
https://www.imc-math.org.uk/?year=2003
https://www.imc-math.org.uk/?year=2004
https://www.imc-math.org.uk/?year=2004
https://www.imc-math.org.uk/?year=2005
https://www.imc-math.org.uk/?year=2005
https://www.imc-math.org.uk/?year=2006
https://www.imc-math.org.uk/?year=2006
https://www.imc-math.org.uk/?year=2007
https://www.imc-math.org.uk/?year=2007
https://www.imc-math.org.uk/?year=2008
https://www.imc-math.org.uk/?year=2008
https://www.imc-math.org.uk/?year=2009
https://www.imc-math.org.uk/?year=2009
https://www.imc-math.org.uk/?year=2010
https://www.imc-math.org.uk/?year=2010
https://www.imc-math.org.uk/?year=2011
https://www.imc-math.org.uk/?year=2011
https://www.imc-math.org.uk/?year=2012
https://www.imc-math.org.uk/?year=2012
https://www.imc-math.org.uk/?year=2013
https://www.imc-math.org.uk/?year=2013
https://www.imc-math.org.uk/?year=2014
https://www.imc-math.org.uk/?year=2014
https://www.imc-math.org.uk/?year=2015
https://www.imc-math.org.uk/?year=2015
https://www.imc-math.org.uk/?year=2016
https://www.imc-math.org.uk/?year=2016
https://www.imc-math.org.uk/?year=2017
https://www.imc-math.org.uk/?year=2017
https://www.imc-math.org.uk/?year=2018
https://www.imc-math.org.uk/?year=2018
https://www.imc-math.org.uk/?year=2019
https://www.imc-math.org.uk/?year=2019
https://www.imc-math.org.uk/?year=2020
https://www.imc-math.org.uk/?year=2020
https://www.imc-math.org.uk/?year=2021
https://www.imc-math.org.uk/?year=2021
https://www.imc-math.org.uk/?year=2022
https://www.imc-math.org.uk/?year=2022
https://www.imc-math.org.uk/?year=2023
https://www.imc-math.org.uk/?year=2023
https://www.imc-math.org.uk/?year=2024
https://www.imc-math.org.uk/?year=2024

